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1. Introduction

In 1970, Levine [4] introduced and studied generalized closed sets in topological spaces. Dunham [3] introduced
the concept of generalized closure operator, using Levine’s generalized closed sets and defined a new topology T~ and
studied its properties. Velico [9] introduced the notion of d-closure and & -interior operations.

Noiri [7], Balachandran et al [1], Dontchev.J and Ganster [2] introduced &-continuity, generalized continuous
function and &-generalised continuous §-generalised irresolute functions respectively. Sundaram et al [8] introduced
semi-generalised continuity in topological spaces. Pious Missier et al [7] introduced & gilar*-continuous functions.

The purpose of this present paper, we shall introduce and study on some new type of generalized functions called

*§-continuous, *d-irresolute, functions via the concept of *6 —sets. The purpose of this work is to explore properties and
characterizations of these functions. Using the concept of *§ -open sets, we also introduce *3 —open mappings and

investigate certain characterizations of this type of functions. Throughout the present paper (X, T) (Simply X) always
mean topological space on which no separation axioms are assumed unless explicitly stated. For a subset A of a space
X,cl(4) and int (4) denote the closure and the interior of 4 respectively. Now we recall some of the basic definitions
and results in topology.

2. Preliminaries
Definition 2.1.[5] The *$-interior of a subset 4 of X is the union of all regular-open sets of X contained in A and is
denoted by e, (4).
Definition 2.2. [5] A subset A of a topological space (x,z) is called *3-open if 4 = int, (A) i.e., a set is *d-open if it
is the union of regular=-open sets. The complement of a *3-open is called *3-closed set in &
Notations 2.3.[5] The set of all *3-open sets in (X, ) is denoted by *30(x).
Definition 2.4. [6] A function f:(x,7) - (¥,o) is said to be G-continuous if f~%(y) is G-open in (X,7) for every &-
open set V of {¥, ).
Definition 2.5. [7] A function f£:(x,7) — (¥,q) is said to be regular®-continuous if f~*(¥) is regular*-open in
(X,T) for every openset Vofin ¥.

Theorem 2.6. 5] For a topological space (¥, 1), the family of all *3-open sets of x forms a topology, denoted by T for
X
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3. *o0-continuous functions

The purpose of this section is to introduce *d-continuous function and to investigate further properties and
characterization of this function.

Definition 3.1. A function f: (¥,7) — (¥,o) is said to be *3-continuous if ;=" (1) is *3-closed in (x,+), for every closed
setin (¥, 7).
Definition 3.2. Let (X,7)) be a topological space. Let » € x and v « x. We say that & is a *d-neighborhood of x if there
exists a *3-open set M of ¥ such that x c M= M.
Theorem 3.3. Let f:(x,7) - (¥, o) be a function. Then the following are equivalent.

(i) f is *d-continuous;

(i1) The inverse image of each closed set in ¥ is a *3-closed in ¥;

oy N .
(ii) ez, _[£71 ()] < foiel(v)) forevery v € ¥

(V) f(el, (U)) S cl(F(u)), for every v = x
(v) For any point x € X and any open set IV of ¥ containing f(x), there exists

ner, such that » ¢ U and F(iy = ¥
(Vi) Bd,_[f~1(")] = f2[Bd(v]] forevery v = 7
(vil) £ (D, (1)) = ellf (V)] forevery v = x
(vill) £ [t (V)] € ine, [F1(v)] forevery v =¥,

Proof: (i) = (ii) Let F be a closed set in ¥. Since f is *-continuous, F~1(y F)=x fF~1(F) is *-open. Hence
FTL(F)is *6-closed in ¥,

(ii) —» (i) Since vy is a closed for every ve¥, Flci(¥)] is *d-closed.  Therefore

FUAMY =2 TF AN D A [0
Frlav = v 26, Fv]

(iii) = (iv) Let v = x and f(u) = v. Given f=1[cl(V)] 2 el [~ (V]]. Thus £ [ci(F(u)3] 2 el, [F~ (F(u)]. Hence
el[f()] 2 flel. (]

(iv) —» (i) Let W be a closed set in ¥ and 7 = £~ (W), then Jr‘[c-gaa(uj] () — (1 (W) € (W) — w.
Here flel, (v)] < f(U). Thus ci, (V) € £l (U))] = F[el(W)] = £~ (W) = U. So U is *3-closed.

(ii) = (i) Let ¥ € ¥ be an open set, then ¥ — I is closed. Then f~1(y — v} = ¥ — #2(") is *6-closed in X. Hence

f *[(v)is §-openin x.

(i)= (v} Let f:(X.1) = (¥.c) be *6-continuous. For any x £ x and any open set ¥ of y containing f{x],
U=ty ex,, and J() — [IFT (D] S V.

(v) = (i) Let v be any setin ¥, Let x € £~1(1"). Then f(x) € v and there exists [J £ Ty such that ¥ £ 7 and

flxyef(uycv. Then x € U € F4F(U)] € F (V). It shows that f~1(17] is a *d-neighborhood of each of its points.
Therefore F-11) e T,
(wi) = (wiii) Let ¥ € ¥. Then by hypothesis, Bd,, [F~(¥)] € £t [Bd(V)] which implies

fW) —int, [fV)] € f(V —int (V)= f (V) — f " (int(V)), implies that £~+{int (V) S int, |F(V)}
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(witi) = (vi) Let v = v. Then by hypothesis, ;=3 [int{v)] < int_,
ST —i, [T = TN = T i (V)] = TV — o (W
fBd(V).

F~1(13] which implies

[
)= Bd, [T (M) <

{wiry — {i} Let U be an open set in ¥, ¥ = ¥ — U and £~1(1") = w. Then by hypothesis, f[[,:kaf\w]] [ Cu;f(\w)) Thus
0.0 2001 af(r *))] = aiv) =v. Then b_(f *(v)]< £ *(v) and f72(V) is *S-closed. Hence f is *&-
continuous.

(1) = (vii) Let v € v. Then ¢~*(ine(v)) is *6-open in X. Thus £=(inc(v)) = tne, (£ (ne (V) € tne, ,(F (V).
Therefore, £~1(int(V)) € int, (F71V).

(viif) = (i) Let v ¥ be an open set. Then f=1(y) = F1/int(1) S mt?ﬂ[f-l(vjj Hence §~1(17]is *8-open. Hence
f is *3-continuous.

Theorem 3.4. Every regular®- continuous function is *3-continuous.

Proof: 1t is true that every regular®-open set is *6-open.

Remark 3.5. The converse of the above theorem is not true in general as shown in the following example.

Example.6. Lett = {abcy v=(parl Lot c=@f@ (e} ad o= (gt} )y; Let
f: (X,T) = (¥,o) be a function defined by f(a) = r, f(b) =p, f(c) = g. Then f is not reguiar-continuous function
because the set {g,r] is open in ¥, but £71(q,+) — [a, ¢} is not regular*-open in ¥, However f is *6-continuous.
Theorem 3.7. Every *3-continuous is continuous.

Proof: Follows from the definitions.

Remark 3.8. The converse of Theorem 3.7, is not true in general as shown in the following example.

Example 3.9. Letx = fa, b,ch Y={p, g1} with the tOpOlOgiCS T={0,fb} {ct.{b c} X} and g = 10, fa,r} ¥l Let
f: (%,7) — (¥,0) be a function defined by f(a) = p, 7 (b) =r,f(z) =g. Then f is not *5--continuous function because
the set {g, 7} is openin ¥, but £~1(g,7) = {h,c} is not *3-open in ¥, However f is continuous function.

Theorem 3.10. Let f:(¥,7) — (¥, c) and g:(¥, ¢} — (Z, %) be two functions. Then

(i)g = F (X,7) »(Z07)1s *d-continuous if g is continuous and f is *6-continuous.

(i) g=f () {Z,%}1s §-continuous if g is *8-continuous and f is §-continuous.

Proof: (i) Let r be open set in (zmn). Then g *{#} is open in (¥,s). Since f is *3-continuous,

-

(go FY"H(FY= fF (g ~(F))is *5-open setin (X,z) and so g f is *d-continuous function.

(i) Let F be open set in (Z,n). Then g 1(F) is *3-open in (¥,q). Since every *3-open is open and since f is &-
continuous, {g= 31 (F) = F1{g *(F))is §-open set of (x,7) and so g o f is §-continuous function.

Lemma 3.11. Letz € v € x,v is *3-open in ¥ and 4 is *3-open in (¥, &). Then 4 is *5-open in ¥.

Proof: Since 4 is *3-open in ¥, there exists a *3-open set 77 = ¥ such that 4 = v n U. Hence 4 being the intersection of
two *3-open sets in ¥ is *6-open in X,
Theorem 3.12. Let f:(X,r) — (¥,7) be a mapping and {U,:i € I} be a cover of X such that i, e Tos for each i € 1.

Suppose that £/u; : U, » ¥ is *6-continuous for each ¢ & 1. Then f is *3-continuous.

Proof: Let V € ¥ be an open set, then (;/v.)”" (V) is *3-open in U, for each i € I. Since 1, is *3-open in x, for each
iel and by Lemma 2.5, (f/17)7t(v) is *6-open in x for each i 7. But f=(v)= U{(f/11) (V)i € 1} then
e T,, because g is a topology on x, This implies that f is *3-continuous.
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4. *9-irresolute functions

In this section we introduce *&-irresolute functions using *3-open sets. We investigate some properties and
characterization of such functions.

Definition 4.1. Let {X,7) and (v,s) be topological spaces. A function j: (x,+) — (¥, is said to be *$-irresolute if the

inverse image of each *3-open set of ¥ is a ¥*6-open setin X .

Theorem 4.2. Let f:(X,7) — (¥, o) be a function. Then the following are equivalent.

() f is *3-irresolute

[L'L'] The inverse image of each *8-closed set in ¥ is a *3-closed set in x.

(iif) el [f 1] S 7 el,, (V)] for every ¥ C Y.

(iv) Flel.,(U)] € et | f(U)] forevery 11 € x.

(v) 72 ime, )1 e (F71 () forevery v v,

Theorem 4.3. A function f: (x,1) — (¥,q) is *d-irresolute iff for each point x in X and each *3-open set U in ¥ With
F(x) € U, there is a *3-open set 7 jn ¥ such that x € ¥, F(VV)= U

Proof: Necessity: Let x € ¥ and let i be an *3-open set in ¥ such that f(x) c U, Let v = fj=1(¢r) Since £ is *5-
irresolute, 17 is *d-open in ¥, Also x € F71(J) = V as f(x) € U. Hence we have f(V) = F[F YN S U.

Sufficiency: Let 17 be an *8-open set in ¥ and let ¥ = F~1(1r) Let x = v then f(x) € ir. Then by hypothesis, there exists
V,Er,, such that x £ ¥, and f(v,) = v. Then v, = ;[ (V)] f (1) — v. Thus v — U{ ¥, : = € v}. It follows that v
is *3-open in x, Hence f is *3-irresolute.

Theorem 4.4. A function §:(X,1) — [¥,o) is *6-irresolute iff for each xinX and the inverse image of every *3-
neighborhood of f£(x) is a *5- neighborhood of x.

Proof : Necessity: Let x =X and let g be an *3- neighborhood of #(x). Then there exists 17 = g such that
f(x) e U = B. This implies that x £ F~*(U) = f~*(E) Since f is *d-irresolute, f~1(U) € T, Hence f£~1(B)is a *3-
neighborhood of x.

Sufficiency: Let g £ o, A=f'(8) and let x € A. Then f(x) € B. Since B is *5- open set, B isa *3- neighborhood of
f(x), so by hypothesis 4 — ;=" (B} is a *3-neighborhood of x. Hence by definition, there exists A4, € «, such that
xC 4, =A Thus A= {4, :x c 4} It follows that 4 is a *3-open set in x. Therefore f is *3-irresolute.

Theorem 4.5. A function f: (X,1) — (¥,o) is *3-irresolute iff for each x in X and each *3- neighborhood U of f(x),
there is a *3- neighborhood 17 of x such that f(i") © 1.

Proof: Necessity: Let x = x and let 7 be a *5- neighborhood of f(x) Then there exists o, ., Ea,, such that
Fflx) e Oy S U Then 4 = [ [gf m)g 1w, By hypothesis, o |:gJ__ ':J})E g Let v = =1 (u). Then it follows
that 17 is a *8- neighborhood of x and f(V) = F[F (N € U.

Sufficiency: Let 5 & o,,. Let 0 =f7(8) Let xe 0. Then f(x) e B. Thus g is a *3- neighborhood of f(x). By
hypothesis, there exists *3- neighborhood v, of x such that f(y,)=p5. Hence it follows that
X EV,C fFHFIVIEF*B)=0. Since V, is a *3- neighborhood of «, there exists o, €t,, such that
xen cv, Thenxeo, S0 0,¢€ TsS-Thus O= 14, : « ¢ 0} It follows that O is §-open in ¥. Therefore £ is *3-
irresolute.

Theorem 4.6. A function f. (¥,7) — (V,r) be a one-to-one function. Then f is *3-irresolute iff f[ D, ()] D, [FLA,
forall 4 c X,
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Proof: Necessity: Let f be a *3-irresolute. Let 4 = x, Gy e D, (4) and ¥ be a *5- neighborhood of f(a,). Since f is *5-
irresolute, by Theorem 4.5, there exists a f is *3- neighborhood of 1 of @, such that f(v) c v. But =, = n, {4 then
there exists an element a € v n A such that u = u, hence fa) € f(4) and since f is 1-1 function, f{a) # fla,) Thus

every *8- neighborhood of v of f(a,) contains an element of fr4) different from f(a
Flag) € D, [ (4)). Therefore £, (4)] < D, 7(4)].

o), consequently

Sufficiency: Suppose that f is not a *3-irresolute. Then by Theorem 4.5, there exists a, € ¥ and a *§- neighborhood of V
of f(a,) such that every *3- neighborhood [ of @, contains at least one element g« i for which f(g) & . Let
A =(a c¥: f(a) € V). Then o, & 4 since f(a) C ¥, 7(a) # flag), A0 f(ag) & N, [F(A) since F(A)n ¥ (Flag))] = &
It follows that flag) € f[Daa [.,;1‘]] — [f[,q; U Dr*a [f(ﬁl,' }] + (@, this contradicts gives the proof.

5. *d-open mappings

The purpose of this section is to introduce *3-open mappings and investigate certain properties &
characterization of this type of functions.

Definition 5.1. Let {x,7) and (¥, be topological spaces. A function f.(X%,1) = (¥ &) is said to be *3-open if for
every open set [J in ¥, F(L) is a *3-open set in .

Theorem 5.2. A mapping f: (X,7r) — (¥,s) is a *d-open iff for each x € x, and r € « such that x £ 17, there exists a *5-
open set W = ¥ containing f(x) such that W < £(1).

Proof: Follows from the definitions.

Theorem 5.3. Let f:(X,7) - (V,o) be a *3-open. If W € ¥ and F € ¥ is a closed set containing 7~*(W), then there exists
a *d-closed # = ¥ containing W such that £=1(11) = F,

Proof: let F =¥ —f(¥ —F) Since f Y (WICF,f(X—F)C¥—Ww. Also since f is *3-open, H is *d-closed and
JTE) —X—[TfZ-FNEX-(X-F)-F.

Theorem 5.4. A mapping f: (X,T) = (¥,o) is *d-open iff f[:i'nt ( A]} Sint, [f(4)], forall 4 C x.

Proof: Necessity: Let 4 € ¥ Let x € int(4). Then there exists 1/ € ¢ such that x € 1, « 4. Hence f(x| € f(u,)< f(4)
and by hypothesis, £(U,.} € EA Thus £(x) e it [F(0)] Therefore flint(A)] C int, _[F(A]].

86.1

Sufficiency: Let & be any open set in x. Then by hypothesis, f[int(11)] € int,_[£(11)] Since int(U) = U as U is open. Also
int, [F(U] € f(U). Hence () = int, [f(U]. Therefore f(ir) is *3-open in ¥. So f is *4-open.

Theorem 5.5. The mapping f: (x,7) — (¥,o) is *5-open iff int[f~-(B)] S f™! (mtsa (B) for all BC ¥,

Proof: Necessity: Let Be ¥, Since int[(f)"*(B}] is open in x and § *6-open, flint{f) (&

(s f 3
Flint([(A B = FIF1(B)] = . Thus f[mt[f-l[gj)] Cint, (g). Therefore int[f~1(B)] = F1 (int,, (E).

is *3-open in V. Also

Sufficiency: Let A< x. Then f(4) = v.Then by hypothesis, int(A) < int[F1(F( A])] cFY iﬂtgn(f(;l)}_ Thus
FliatrA)1 € int. (Fr27), for all 4 £ ¥, Hence by the above Theorem, f is *3-open.
FlintiA)} s FLs))

Theorem 5.6. Let f: (x,1) — (¥, o) be a mapping. Then a necessary and sufficient condition for f to be *3-open is that

=1

F e, (B S d[f (B for every subset B of ¥,

Proof: Necessity: Let f be an *3-open. Let BS ¥ and let « = f_l(d%ﬁ(g))‘ Then fix) g ¢! 5 (B)). Let U €« such that
x € U, Since f is *3-open, then f(1r) is a *3-open set in y. Hence BNy () = ¢. Then 1 F~1(5) = @ Therefore
x € el[f7(8)] Hence £, (8)] € el[~(2)].

Sufficiency: Let B<7¥. Then (v—-B)cVy. By hypothesis,  f-1[cl, (v — B) Cal[f T} (v —5)]. Then
¥—c[f (¥ -B)EX —f'i[ci&e[}’— B)]. Hence X—cl[X—f ™ BNESf Y- ol (Y — B)]. Hence
nt[F-UE)] = f_l[iﬂtoﬁ (3]]‘ Now from Theorem 5.5, it follows that f is *8-open.
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